We have solved the Spinless Salpeter Equation (SSE) with a modified Hylleraas potential within the Nikiforov-Uvarov method. The energy eigenvalues and the corresponding wave functions for this system expressed in terms of the Jacobi polynomial are obtained. With the help of an approximation scheme, the potential barrier has been evaluated. The results obtained can be applied in nuclear physics, chemical physics, atomic physics, molecular chemistry, and other related areas, for example, can be used to study the binding energy and interaction of some diatomic molecules. By adjusting some potential parameters, our potential reduces to the Rosen-Morse and Hulthen potentials. We have present also the numerical data on the energy spectra for this system. K e y w o r d s: Schrödinger wave equation, modified Hylleraas potential, spinless Salpeter equation, Nikiforov-Uvarov method, potential barrier.
Introduction
Over the years, theoretical physics has been successful in inventing the equations that describe the behavior of particles in different fields of different potentials. Some of these equations are: the Schrödinger wave equation which describes a nonrelativistic particle, the Klein-Gordon equation describing a relativistic particle of zero spin, the Dirac equation for a twobody quantum field system in a relativistic covariant formalism, and others [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The spinless two-body quantum Bethe-Salpeter equation given as
is a standard approximation to the Bethe-Salpeter formalism, neglecting the spin degree freedom [9] . Recently, researchers have studied the Bethe-Salpeter equation for different potentials with arbitrary and waves and have obtained the exact or approximate so- lutions for the wave functions of various physical systems of interest. For example, Hassanabadi et al. [12] studied the SSE with hyperbolic potential via the SUSYQM formalism. Zarrinkamar et al. [13] studied the two-body Salpeter equation with exponential potential using the SUSYQM method. Ikot et al. [14] investigated the SSE with generalized Hulthen potential using also the SUSYQM approach. A special case of a multiparameter exponential-type potential is the Hylleraas potential. The modification of this potential was done in [15] and given as
where 0 and are the potential parameters, and is the potential range. To obtain bound-state solutions of the Klein-Gordon equation, we solve the SalpeterBethe equation with the Hylleraas potential. Various methods have be used to provide the exact or approximate solution of the Schrödinger, Klein-Gordon, and Dirac equations together with Bethe-Salpeter equation. These methods include: the asymptotic iteration method [16] , supersymmetric quantum mechanics [17] , shifted 1 expansion [18] , factorization method [19, 20] , Nikiforov-Uvarov method [23] , and others [21, 25] . The main aim of this research is to obtain an approximate bound-state solution of the spinless Salpeter equation with a modified Hylleraas potential model using the Nikiforov-Uvarov method. The potential model is defined in Eq. (2), while the approximation scheme suitable to the centrifugal term is given in Eq. (25).
Generalized Parametric Nikiforov-Uvarov (NU) Method
The NU method was presented by Nikiforov and Uvarov [23] and has been employed to solve secondorder differential equations such as the Schrödin-ger wave equation (SWE), Klein-Gordon equation (KGE), Dirac equation (DE), etc. The SSE can be solved by transforming it into a hypergeometric-type equation using the transformation = ( ). Its resulting equation is expressed as
where ( ) and˜( ) are polynomials of at most the second degree, and˜( ) is the first-degree polynomial, ( ) is a function of the hypergeometric type. The parametric generalization of the NU method is given by the generalized hypergeometric-type equation [22] and reads (4)
Equation (4) is solved by comparing it with Eq. (3), and the following polynomials are obtained:
According to the NU method, the energy eigenvalue and eigenfunction, respectively, satisfy the following system of equations:
where is the normalization constant, and is the Jacobi polynomial. The other parametric constants are presented in (8)
Two-Body Spinless Salpeter Equation
The SSE for two-body particles interacting through a spherically symmetric potential in the center-of-mass system [9, 10, 14] is expressed as
where
For heavy interacting particles and by using a suitable transformation (see Refs. [10, 11] ), one can recast SSE [9] as
Substituting the modified Hylleraas potential from Eq. (2) in Eq. (11) gives
To convert Eq. (13) to a hypergeometric-type equation, we use the transformation
This gives rise to the transformation in S-dimensions as
Since the SSE with a modified Hylleraas potential has no exact solution, we employed the relevant approximation to the centrifugal term as
Substituting Eq. (16) into Eq. (15) and simplifying the latter give
Equation (17) can be simplified to
Comparing Eq. (18) with Eq. (4) and evaluating (8) gives the following parametric constants:
Substituting Eq. (20) into Eq. (6), we obtain 
Solving Eq. (21) explicitly, we obtain the energy eigenvalues as
Substituting Eq. (20) into Eq. (7), we have the total wave function in the form
Equation (24) can further be reduced to
The total wave function expressed in a spherical coordinate system is given as
Results and Discussions
In order to test the accuracy of our results, we obtained the numerical values for the energy eigenvalues of the system with = = = 1, 1 = = 0.01, and 2 = 0.02 for = 0.01, 0.02, 0.03, 0.04, and 0.05 as represented in the table for various orbital angular quantum numbers = 0, 1, 2, and 3. From the table, the results indicate negative values, which confirms to be a good necessary condition of the bound-state energy for a particle of the system. In addition, we have indicated the behavior of the energy for various quantum states for different values of the screening parameter = 0.01, 0.02, 0.03, 0.04, and 0.05 as shown in Figs. 1-5 , respectively. By appropriately choosing the parameters of the modified Hylleraas potential, some potentials well known in the literature can be obtained. A few of such potentials are:
Rosen-Morse potential
By setting = 1 and mapping → 2 , relation (2) reduces from a modified Hylleraas potential to the Rosen-Morse potential [26] ( ) = − 0 (1 + − )
and the corresponding energy is obtained by substituting the above parameter into relation (22).
Hulthen Potential
By setting = 0 and mapping → 2 , relation (2) reduces from a modified Hylleraas potential to the Hulthen potential [27] 
and the corresponding energy is obtained by substituting the above parameters into relation (22).
Conclusion
In this paper, the approximate bound-state solutions of the SSE with a modified Hylleraas potential with the use of the parametric Nikiforov-Uvarov method have been obtained with the help of an approximation scheme to evaluate the centrifugal term. The energy eigenvalues and the corresponding total nonnormalized wave function expressed in terms of Jacobi polynomials were obtained as well. The results of this research can be used in the study of binding and interaction energies, in the perturbation theory of neutron-proton pairs, etc. [28] . By the appropriate choice of parameters, the modified Hylleraas potential reduces to some well-known potentials such as the Rosen-Morse and Hulthen potentials.
